Introduction
Electrospun nanofibers improve the electrochemical performance of a battery cell when used in electrodes [1e3] in place of traditional particles. Numerical simulations of the electrochemical processes taking place in traditional battery electrodes at the microstructural level [4] require the solution of sets of coupled differential equations and are computationally demanding. In addition to this, the microstructural analysis of fiber-based electrodes requires the discretization of each fiber, increasing the computational burden to such an extent that the solution of the problem becomes unfeasible for practical purposes. Here, we propose a numerical approach that enables estimation of effective conductivity and capacity from the fiber spatial arrangement.
For the improved performance of energy storage devices, a new avenue has opened up by the use of electrode materials shaped as fibers [1e3,5e7]. Metallic [8] or carbonaceous [9e11] fibers are already employed to enhance the electronic conductivity of battery electrodes. Experimental studies show that conductive material fibers, which will be referred to as ''conductive fibers'' in this paper, help achieve electrode percolation using less conductive material [8, 9] and improve the electrolyte ionic conductivity by creating preferential paths for ionic transport along their surfaces [9] . However, the production of fibers for battery applications is not limited to conductive materials. Thanks to electrospinning, a wide range of anode [11e16] and cathode [13e17] active materials can nowadays be prepared in fiber form and used in full-cell battery configurations [13e16] . The reduced dimensions of nanofibers ensure shorter diffusion paths and higher surface-to-volume ratio relative to the traditional particle morphology, leading to improved capacity, higher charge/discharge rate capabilities, and extended cycle life of the electrodes [1, 2] . Despite these advantages, the adoption of active material fibers, which will be referred to as ''active fibers'' in this paper, does not necessarily lead to discarding electronic conductivity enhancers [14e17] . In this study we ideally replace active fiber-conductive particle electrode architectures with all-fiber (i.e., active fiber-conductive fiber) electrode architectures and evaluate the relationship between the active-conductive fiber content and the active material utilization. The combination of active and conductive materials in fiber form was proposed by Liu et al. [18] for structural battery applications. This novel design, although not fully realized in their experiments, has provided a new direction for the development of multi-functional fiber-based electrodes and will be investigated in Section 3.
In traditional lithium-ion battery electrodes, active material particles act as lithium sources/reservoirs and their amount determines the nominal electrode capacity. Conductive material additives provide pathways for electron transport between current collectors and active material particles, while the electrolyte is where ionic transport takes place. Lithium ions and electrons should meet at the active material-electrolyte interface to allow lithium insertion into the active material [19] . If the supply of ions and electrons is limited, the active material is not fully utilized [9,20e22] , and the actual electrode capacity is less than the theoretical value [13,21,23e25 ]. Experimental evidence [23e25] indicates that the optimization of the weight/volume ratio between active and conductive materials is a key ingredient toward improved electrode capacity and rate capability. Qualitative analogies between particle-based and fiber-based electrodes are expected, but indications regarding the quantitative contributions of the various components in a fiber-based electrode architecture are not yet available. This hinders the investigation of innovative electrode designs that could for instance enable full utilization of the available active material.
Various models have been employed to simulate electrochemical processes in particle-based electrodes and predict the battery response. The pseudo two-dimensional model first proposed by Newman and co-workers [26] describes a porous electrode as a homogenized macroscopic continuum and makes use of a simplified representation of the microstructure for the evaluation of local fields. Although computationally efficient, this approach cannot be applied to fiber-based electrodes if investigations concerning the effect of fiber spatial arrangements are targeted. Fullscale simulations, performed either on entire electrodes [4] or on representative volume elements [22] , directly resolve the particle/ pore microstructure. However, the discretization of the microstructure of fiber-based electrodes would require a significant computational effort, especially in a parametric study. These models are therefore deemed unsuitable for fiber-based electrode architectures, and a simpler yet effective computational approach is employed in Section 2. The two-step approach that we have devised consists in 1) the determination of the conductive fiber content (percolation threshold, Section 2.1) that ensures the existence of an electronically conductive network, and 2) the identification of the active material fibers accessible to electrons as those in contact with the electronically conductive network (Section 2.3). This approach enables us to explore a wide range of electrode compositions and fiber arrangements in a three-dimensional setting at a relatively low computational cost and to estimate electrode properties such as electronic conductivity, active material utilization, and volumetric/gravimetric capacity. Since we do not simulate electrochemical processes through the solution of governing differential equations, dynamic processes such as ionic transport, solid-state diffusion, and lithiation/delithiation reaction are not part of our evaluations. As these processes are known to affect electrode performance, especially at high charging/discharging rates, our predictions should be considered as a baseline for electrode design.
In Section 3.1, we first describe the methodology to determine the (optimal) active-conductive material ratio that maximizes the gravimetric and volumetric capacities for a given electrode porosity. We then investigate the dependence of the optimal active-conductive ratio on the electrode porosity for different fiber aspect ratios and determine the corresponding gravimetric and [23, 24] , and optimal ratio [25] , thus confirming the appropriateness of our modeling assumptions and hypotheses listed at the beginning of Section 2. The impact of fiber orientation constraints on electronic conductivity (determined through the equivalent resistor network described in Section 2.2) and active material utilization is discussed in Section 3.2 for several conductive fiber contents. We then provide practical guidelines for the arrangement of fibers in electrodes produced, e.g, by electrospinning.
Computational model and methods
The fiber-based battery electrode under investigation is composed of conductive fibers and active fibers dispersed in a matrix representing the electrolyte. Active fibers are responsible for lithium storage, and their volume fraction determines the nominal capacity of the electrode. Conductive fibers act as electronic conductivity enhancers, analogous to carbon black particles in classical porous battery electrodes. The following main assumptions have been made:
1. The electrolyte is the medium that keeps fibers into place and, although not explicitly modeled, is associated to a volume comprising that of the binder as well; 2. The electrolyte is a perfect electronic insulator; 3. The electronic conduction is exclusively due to the conductive fibers since the electronic conductivity of active materials can be considered negligible (being several orders of magnitude lower than that of conductive materials [3,21,23e25]); 4. All the active fibers in the electrode are assumed to be accessible to ions from the surrounding electrolyte; and 5. The effective electrode capacity is exclusively determined by the active fibers that are in contact with the electronically conductive network formed by the conductive fibers.
Multiple experimental studies have reported electrospun active material nanofibers with a pure structure [14e17]. In these studies, battery electrodes are prepared by mixing active fibers with an electronic conductivity enhancer (Super P). Assumption 3 provides a reasonable approximation of real situations when the active material is characterized by poor electronic conduction. This is the case of lithium manganese oxide (LiMn 2 O 4 ), the active material selected as the reference for validation purpose in Section 3.1.3.
As electrochemical processes are not directly simulated, we focus on electrodes undergoing charge/discharge processes at low rates, which permit us to assume that active fibers are always accessible to lithium ions from the surrounding electrolyte. Aspects like solid-state diffusion in the active material and ionic transport in the electrolyte are unlikely to limit the electrode capacity under these conditions, and lithium insertion (extraction) into (from) active fibers is subordinate to the existence of a conduction path for electrons. These circumstances, per se relevant to many practical applications, identify the upper bound of the effective electrode capacity at higher rates and thus represent an unavoidable step in electrode design.
In general, the difference between theoretical and actual electrode capacity depends on electronic and ionic pathways within the composite electrode. The optimization of these pathways through the control of electrode composition and structure has been the subject of several studies [9, 21, 22] that also discussed the existence of a trade-off between electronic and ionic conductivities. The former is enhanced with closely packed electrode structures (low porosity), while the latter is enhanced when the electrolyte has easy access to the composite porous structure (high porosity). In order to ensure the generality of the results without an explicit evaluation of the ionic transport process in the electrolyte, Section 3 discusses how to determine the optimal activeconductive content and the upper bound of the capacity when the electrode porosities are between 0.1 and 0.9.
Experimental evidence indicates that electrospun fibers can overlap: Aravindan et al. [15] and Jayaraman et al. [16, 17] have experimentally detected interconnected nanofibers in electrospun fiber mats for electrode applications; Self et al. [13] showed that fiber interconnection can result from fiber ensemble compaction. As the number and spatial distribution of fiber overlaps depend on manufacturing conditions [27] , a reliable quantification of the connection density and distribution can only be obtained by means of dedicated experimental investigations, which fall beyond the scope the current study. From the modeling point of view, it has been shown that the estimation of the percolation threshold for soft-shell fibers with hard core depends on the thickness of the soft-shell layer [28] . To limit the number of variables and reduce the computational burden, we generate interconnected fiber networks relying on the soft-core assumption, in agreement with previous studies [29, 30] . In this numerical study, conductive and active fibers are inserted into the simulation box by means of the random sequential adsorption algorithm (RSA) [31] according to specific constraints discussed next. Because of the soft-core assumption, fibers can overlap, and the position of a newly generated fiber does not depend on the positions of previously generated fibers.
A unit cubic simulation box with faces parallel to the coordinate planes is considered as a representative volume element of the composite electrode. Each fiber in the electrode is idealized as a spherocylinder of length l and diameter d, with aspect ratio l=d ( Fig. 1a ); its position is identified through the middle point coordinates and the orientation angle values. Fiber middle points O are assumed to be uniformly distributed, and their coordinates are defined by three independent random numbers from the standard uniform distribution. The two orientation angles are the polar angle q with respect to the x axis and the azimuthal angle 4 with respect to the y axis. We choose the azimuthal angle 4 from a uniform distribution over the interval ½0 ;360 + . As for the polar angle q, we have considered two cases: -case I: q from 0 to the limit angle q m ; and -case II: q from the limit angle q m to 90 + .
In both cases, limit values are included, and q m takes on a value between 0 and 90 + . Specific details on the determination of the angle q can be found in Appendix A. The angle q m in case I indicates the degree of fiber alignment along the x direction [32] : when q m ¼ 90 + , the fibers are isotropically distributed in three dimensions (scenario A); when q m ¼ 0 + the fibers are aligned along the x direction (scenario B). In case II, the angle q m is related to the degree of fiber alignment on planes perpendicular to the x direction: when q m ¼ 0 + , the three-dimensional isotropic state (scenario A) is recovered; when q m ¼ 90 + , the fibers are isotropically distributed over planes parallel to the yoz plane (scenario C). For the threedimensional isotropic fiber distribution (scenario A), the values of the polar angle q are such that the fiber end points P (Fig. 1a ) uniformly cover the surface of a sphere [29] . Likewise, for the fiber distributions in cases I and II, the polar angles q are generated in such a way that every differential area on the restricted (by q m ) sphere surface has the same probability of being a fiber end point. Fibers intersecting the box boundaries are dealt with using the periodicity assumption [33] .
The isotropic fiber distribution (scenario A) serves as the reference distribution in Section 3.2 where we study the effect of fiber orientation. Fibers aligned along one direction (scenario B) are known to maximize material properties in that direction (for example, the electronic conductivity in two- [34] and three- [32] dimensional settings). This fiber distribution can be obtained by electrospinning [27] . The planar fiber distribution (scenario C) simulates the layer-like arrangement of electrospun fibers deposited on a substrate [27] ; this configuration is of particular interest in this context as layer-by-layer stacked fibers are fabricated to serve as battery electrodes [11, 12, 27] . Since the battery cell is assembled in such a way that transport processes occur (in average) along the direction perpendicular to the fiber deposition plane, special emphasis is given in Section 3.2 to the description of effective electronic conductivity and capacity in the out-of-plane direction.
A fiber-based electrode consists of three components: active fibers, conductive fibers, and the electrolyte filling the volume surrounding the fibers. We assume that all fibers of a certain type (active or conductive) have the same size. The three components occupy volumes V a , V c , and V e , respectively, and they are related through the relation
where V is the volume of the entire electrode. Equation (1) is an approximation that does not account for the volume shared by interconnected fibers due to the soft-core assumption. Since the interconnected volume is negligibly small compared to the total fiber volume [29] , the error introduced by this assumption is ignored in the following derivations. Dividing Eq. (1) by the electrode volume V yields the relation
between the volume fraction of each component where
represent the volume fraction of active fibers, conductive fibers, and electrolyte, respectively. It should be noted that the volume fraction f e is equivalent to the electrode porosity as it accounts for the volume not occupied by fibers. The relation between volume fraction f and fiber number N is approximated as
where L is the box edge length. The effective electronic conductivity of a fiber-based composite (made up by an insulating matrix and conductive fibers) depends on the fiber content. When the fiber content is low, the response of the hosting matrix prevails and the composite behaves like an insulator; when the fiber content is sufficiently high, the composite behaves as an electronic conductor. The fiber content at which the insulator-conductor transition occurs is known as percolation threshold or critical fiber volume fraction [35, 36] . This threshold corresponds to the first formation of an interconnected fiber network along a specific direction. Since a broad literature (Ref. [28] and references therein) is available on the percolation threshold of fiber-based composites, we avoid reporting similar results. The framework for percolation threshold identification, as required by evaluation of electronic conductivity and electrode capacity, is however summarized next. Conventional Monte Carlo methods (Section 2.1) and an equivalent resistor network model (Section 2.2) are used to calculate percolation threshold and conductivity, respectively, by considering conductive fibers only. In Section 2.3, the two species of fibers are taken into account to evaluate the electrode capacity.
Monte Carlo approach for percolation threshold estimation
Fiber-like inclusions are widely employed to enhance electronic [37, 38] and ionic conductivity [39] of solid polymers. In the fiber-based electrodes considered in this study, conductive fibers ensure a continuous path for the transport of electrons from the current collector to the active material. We employ conventional Monte Carlo methods to determine the minimum amount of conductive fibers that ensures the electrode electronic conductivity, i.e., the percolation threshold f cr . The reliability of the numerical procedures used in this part has been verified by means of a comparison against existing theoretical and numerical solutions [29, 40] (these comparisons are omitted for brevity).
We assume electrons travel across connected fibers and ignore electron hopping, also known as tunneling effect [41] , between geometrically separated fibers. Conductive fibers i and j are connected if they satisfy the condition
where d a represents the diameter of fiber a ð ¼ i; jÞ, and h is the shortest distance between their axial line segments. A robust algorithm can be found in Ref. [42] to calculate the shortest distance between two line segments. To determine if an interconnected fiber network exists, the fibers in the box that satisfy condition (4) are grouped into the same cluster. If there exists a cluster extending between two opposite faces of the simulation box (refer to the twodimensional schematic drawing in Fig. 1b and c) , the box is defined as being percolated along the direction perpendicular to those faces. The fiber cluster is then identified as the percolated conductive fiber network.
A widely used method [43] to estimate the percolation threshold is to compute the percolation probability p, namely the likelihood of getting percolated, at different fiber contents [43, 44] and is briefly described next. The procedure starts by creating m A simulation boxes with the same number N of fibers but different spatial arrangements. The percolation condition of each fiber arrangement is evaluated by checking whether a percolated conductive fiber network forms across the box. The count of successfully percolated boxes is denoted as n, and the percolation probability is therefore calculated as p ¼ n=m A . By changing the fiber number N and repeating the procedure, a relation can be established between percolation probability p and fiber number N. The fiber number corresponding to a percolation probability of 0.5 is chosen as the percolation threshold [43, 44] .
The method described above is however computationally expensive. Ma and Gao [37] proposed a cheaper procedure that consists in inserting the conductive fibers one at a time and, after each insertion, checking whether the box percolates. If a percolated conductive fiber network is identified, the procedure is halted and the corresponding number of fibers is identified as the critical fiber number N cr at percolation. The same procedure is repeated m B times and the percolation threshold is taken as the mean value of the m B critical fiber numbers.
Although not shown here, our numerical simulation results indicate that these two methods are equivalent: the fiber number with percolation probability of 0.5 is equal to the average critical fiber number N cr . We therefore identify the percolation threshold using the method proposed by Ma and Gao [37] . With an abuse of notation, we indicate with N cr the average critical fiber number and determine the percolation threshold f cr according to Eq. (3).
Resistor network model
The effective conductivity of the composite electrode depends on factors such as fiber content, fiber distribution, fiber resistance, and the connection between fibers. Here we use the resistor network model to determine the effective conductivity of the composite. The resistor network model has been widely used to evaluate the effective conductivity of composites based either on fibers [30, 34, 45] or particles [46e50]. The main advantage of this approach is the high degree of flexibility. The geometry of interest is converted into a system of interconnected nodes creating a resistance network, and the effective conductivity of the system is obtained using Kirchhoff's current conservation law.
The resistor network can represent either synthetic (ensembles of spherocylinder or spherical particles packed to mimic the microstructure of a composite material) or real microstructures. Synthetic microstructures can be obtained from discrete element method [46] , collision detection and localization optimization method [47] , and Monte Carlo approaches [30, 45, 49, 50] , while real microstructures can be obtained from focused ion beam-scanning electron microscope images [48, 50] . Different strategies can be adopted to convert the microstructure into a resistor network. The simplest way to convert fiber and particle ensembles into resistor networks is to generate nodes at fiber contact points [30, 34, 45] and particle center points [46, 47] , respectively. A more elaborate strategy was proposed by Rhazaoui et al. [48] where the geometry is discretized into cubic elements called voxels and the center points of the voxels are converted into nodes of the resistor network. This strategy enabled Rhazaoui et al. [49, 50] to convert real electrode microstructure of a solid oxide fuel cell into a resistor network, and to successfully validate the approach by comparing the predicted effective electronic conductivity of the network against experimental data.
Rhazaoui et al. [49] compared the effective conductivity predicted by the resistor network model and the finite element method (solving Laplace's equation) for several geometries. The authors showed that the two methods converge to the same solution irrespective of the geometry, but a higher discretization resolution is required for the resistor network model to ensure a level of accuracy comparable to that of the finite element method. Nevertheless, the drawbacks of the voxelation step in the resistor network approach become apparent when complex geometries (e.g., sintered electrode particles) are simulated [49] . This is not the case when dealing with fiber ensembles, as the fiber segments are directly converted into equivalent resistors connecting nodes (contact points between fibers). The equivalent resistor network is indeed a suitable technique for the evaluation of effective properties of fiber ensembles, especially for fibers of high aspect ratio, as demonstrated in several recent studies [30, 32, 34, 45] .
We construct the equivalent resistor network by generating junction nodes from the percolated conductive fiber network, as illustrated in Fig. 1b and c. For each pair of connected fibers, the two closest points on the respective axial line segments are converted into two nodes, and a contact resistor element is added between them. Each fiber segment between two adjacent nodes is transformed into a fiber resistor element. Intersection points between fibers and boundary surfaces of the simulation box are also converted into nodes. Fibers that do not belong to the percolated cluster are disregarded in this process.
For a given simulation box, the effective conductivity along a coordinate axis direction is determined by applying an electric potential difference DU between the two opposite box faces perpendicular to that direction and evaluating the corresponding current I eff flowing through the box. The simulation box is considered as a resistor network with each resistor representing either a fiber resistance R f or a contact resistance R c between two fibers. The resistance of a fiber segment is proportional to its length via R f ¼ 9l=S, where 9 is the resistivity of the conductive fibers, and l and S are the fiber segment length and cross-sectional area, respectively. In agreement with previous studies [30, 45] , a unique value is used for the contact resistance R c .
Applying Ohm's law to each resistor element, we can assemble a system of equations for all the elements [45] and solve for the current flowing through each resistor. The total electrical current I eff is determined by summing up the currents in the resistors. The effective conductivity of the simulation box is calculated as
where A is the cross-sectional area of the box. A thorough verification of the computational tools implemented for this study was performed by comparing our predictions in term of percolation threshold and electronic conductivity against the data sets reported in Refs. [29, 36, 40] . Since a good agreement was found, the results are not reported for brevity. The adoption of a numerical approach ensures a high degree of versatility; this versatility applies not only to the percolation threshold determination but also to the determination of electronic conductivity. In Section 3.2 we evaluate the impact of fiber orientation on the electronic conductivity of the fiber ensemble and extend the two-dimensional results reported by Jagota and Tansu [34] to a three-dimensional setting. In particular, we simulate fiber arrangements with different degrees of orientation with respect to a reference plane. These configurations are of primary relevance for fiber-based battery electrodes produced by electrospinning, where the reference plane corresponds to the deposition substrate.
Effective ratio of active material
This section describes how to evaluate the active material utilization and electrode capacity. The active material is the source (or reservoir) of lithium and determines the nominal electrode capacity. The active material is usually not fully exploited [19, 20, 22] as indicated by the fact that the experimentally determined effective gravimetric capacity q eff (expressed per unit mass of active material content) is typically lower than the theoretical gravimetric capacity q th of the active material. For example, for a particle-based LiMn 2 O 4 cathode, the experimentally determined gravimetric capacity ranges from 120 to 135 mA h g À1 at C/24 rate [23, 24] , while the theoretical (reversible) gravimetric capacity of LiMn 2 O 4 is approximately 148 mA h g À1 [51] . Similar values are reported in Ref. [17] for electrospun LiMn 2 O 4 nanofibers tested at C/10 rate. These experimental results are affected by factors such as ionic diffusion in the electrolyte, lithium diffusion in the active material, electronic conductivity, and number of charge/discharge cycles.
Here we focus on a single limiting factor: the electron's accessibility to active material.
We define as ''effective active fibers'' the active fibers connected to the percolated conductive fiber network. The actual electrode capacity is exclusively determined by the effective active fibers. We assume that a single contact between an active fiber and the percolated conductive fiber network is enough to make the entire fiber accessible to electrons and available for lithium storage. With this assumption we determine the electrode capacity upper bound. The connection criterion between an active fiber and a conductive fiber is defined as that between conductive fibers in Eq. (4). The total electrode effective capacity
is expressed as a function of the volume V eff a occupied by the effective active fibers, the mass density r a of the active material, and the theoretical gravimetric capacity q th ðmAh g À1 Þ of the active material. The effective gravimetric capacity
is usually expressed in terms of unit mass of the electrode active material, being V a the volume of total active material. We can then introduce the effective ratio
that ranges from 0 to 1 by definition. The effective gravimetric capacity q eff is equivalent to the equilibrium discharge capacity Q 0 identified by Fongy et al. [9, 21] and determined from experimental discharge tests performed at low rates (down to C/50 rate). Fongy et al. [21] also calculated the fraction f AMw ¼ Q 0 =Q theoretical (where Q theoretical is the theoretical specific capacity of the active material, here denoted with q th ) to quantify the active material grains ''that are truly electrochemically active'', i.e., connected to both electronic and ionic pathways of the composite electrode. Since we are assuming that all active fibers are accessible to ions, the effective ratio r is equivalent to f AMw . The approach adopted here is conceptually reversed compared to that described in Ref. [21] , as we move from the (numerically generated) microstructure to estimate the active material utilization through r and we evaluate the electrode capacity afterwards (Section 3.1.2).
Instead of modeling the entire fiber-based electrode, we focus on its response at the material level by studying a cubic simulation box (refer to Section 3). Since all active fibers in the box have the same size, the effective ratio can be expressed as
where N eff a is the number of effective active fibers and N a is the total number of active fibers.
Due to the soft-core assumption, fibers can overlap and intersect without restrictions. It follows that existing fibers have no influence on the placement of a new fiber. We can thus safely split the procedure for the effective ratio evaluation into two independent steps. First, we generate a simulation box with N conductive fibers and we identify the percolated conductive fiber network. Second, we generate n a configurations by augmenting the conductive fiber configuration of the first step with N a active fibers. The number N eff a of active fibers connected to the percolated conductive fiber network is determined in each simulation (the algorithm used to detect contact between fibers is the same as that used in the percolation threshold identification procedure). The effective ratio is calculated according to Eq. (9) for each of the n a configurations. The average of the n a effective ratios is taken as the effective ratio of the conductive fiber configuration under consideration. We observe that the value N eff a (and thus r) converges for a ''sufficiently large'' number of trials. Since the soft-core assumption enables us to generate configurations of active and conductive fibers independently, the number of trials can be increased either by fixing N a and increasing the number of configurations n a , or by fixing n a while increasing the number of active fibers N a . Both strategies, described in Appendix B, have been implemented leading to the same results. We can thus conclude that, due to the soft-core assumption, each active fiber has the same probability of getting connected to the percolated conductive fiber network, if formed. Consequently, the effective ratio only depends on the conductive fiber content and not on the content of the active fibers.
The effective ratio associated with a conductive fiber content of N conductive fibers is determined by repeating the procedure just described for n c configurations of N conductive fibers. The average effective ratio of n c different realizations is taken as the effective ratio for N conductive fibers. When no percolated conductive fiber network exists, a null effective ratio is considered towards the calculation of the average effective ratio. The box number n c is identified when the average and deviation of n c effective ratios tend to stabilize as n c increases. By changing the number of conductive fibers, we repeat the procedure described above to correlate the effective ratio to the number N of conductive fibers. The same procedure is used to identify the number of configurations n c required to obtain a statistically meaningful value of the electronic conductivity corresponding to the fiber content N.
Results and discussions
Carbon nanofibers with high electronic conductivity can be synthesized with diameter in the 100e200 nm range, length in the 5e20 mm range, and aspect ratio in the 10e500 range [9, 52] . Electrospun active fibers can be produced with an average diameter that ranges from roughly 1 mm [1] down to 50e100 nm [14] , with an average length that varies from a few centimeters down to a few micrometers [15e17], and with aspect ratio that goes from 5 to 20 [15e17] up to extremely large values. In our simulation, active and conductive fibers have diameter d ¼ 100 nm and length l ¼ 2:4 mm.
These values, consistent with those of the fibers produced by Showa Denko [52] , have been chosen to obtain fibers with aspect ratio l= d ¼ 24, which is the value reported in Ref. [37] . A simulation box with edge length L ¼ 10 mm has been employed. This box size yields results that are representative of the electrode's bulk properties, as it is three to twenty times smaller than the characteristic size of the electrodes usually reported in the literature (e.g., Refs. [9, 10, 21, 53] ). Nevertheless, this box size is large enough for obtaining meaningful numerical results as it is about five times (cf. four to six times in Ref. [54] ) larger than the fiber length. This box size ensures a good balance between accuracy and computational cost. By repeating the simulations with several values of L (up to 40 mm), we determined the theoretical percolation threshold (for L/∞) according to Ref. [35] . The difference between the theoretical value and the percolation threshold obtained with L ¼ 10 mm was 5%.
For convenience, the edge length of the simulation box is set to one unit, and the fibers are therefore scaled with respect to the box size: fiber length is l ¼ 0:24 units and fiber diameter d ¼ 0:01 units. For conciseness of notation, we will omit ''unit'' when referring to these quantities. Box size and fiber diameter values will not change in the following apart for the discussion on aspect ratio effects (Figs. 2, 4 and 5). Since we are interested in average trends, we report average values of effective ratio, conductivity, and percolation threshold.
Next, we evaluate the active material utilization and the electrode capacity for isotropic fiber distributions (Section 3.1). Section 3.2 is dedicated to study the effect of fiber orientation on percolation threshold, effective conductivity, and effective ratio. The dependence of the active material utilization on the percolation threshold becomes evident when the results of Section 3.1 are used as a reference to study the effect of fiber orientation on the effective ratio.
Effective active material and capacity
In this section, the interaction between active and conductive fibers will be studied for the evaluation of the electrode capacity. To this end, we start with results related to the utilization of the active material (effective ratio of active fibers), followed by qualitative validations of the proposed approach and an applicative example. Figure 2a shows the effective ratio r as functions of the conductive fiber volume fraction for three values of the aspect ratio (l=d ¼ 12, 24, and 48) together with the percolation probability p for l=d ¼ 24. The percolation probability curve is steeper than the effective ratio curve and it divides the diagram into two regions: below the percolation threshold (e.g., for f c < f cr ¼ 0:029 at l=d ¼ 24 in Fig. 2a ) the effective ratio is zero because of the absence of a percolated conductive fiber network; above the percolation threshold, the effective ratio increases sharply with the conductive fiber volume fraction. Here the effective ratio is computed as the average value of n c ¼ 100 different conductive fiber configurations, and for each configuration more than N a ¼ 10; 000 active fibers are used (refer to Appendix B for details).
Effective ratio of active fibers
It is well known that the percolation threshold depends on the aspect ratio [29] . In a similar manner, the aspect ratio affects the effective ratio in Fig. 2a . Here the aspect ratio l=d is changed by varying the fiber diameter d while keeping the fiber length l unchanged (active and conductive fibers have the same size). The higher the aspect ratio, the lower the conductive fiber volume fraction around which the sharp increase of effective ratio occurs. This is consistent with the conclusion that a higher aspect ratio leads to a lower percolation threshold [29, 36] .
The effective ratio is also influenced by the relative size of active and conductive fibers (Fig. 2b ). This is demonstrated by 1) changing the lengths of all active fibers (l a ¼ 2 l c and l a ¼ 0:5 l c ) while keeping their diameters fixed, and 2) changing the diameters of all active fibers (d a ¼ 1:5 d c and d a ¼ 0:5 d c ) while keeping their lengths fixed, where the subscripts a and c indicate active and conductive fibers, respectively. The four cases are compared with the reference case in which active and conductive fibers have the same length and diameter. It is found that the larger (either in length and diameter) the active fiber, the higher the effective ratio. In other words, for a given conductive fiber volume fraction, bigger active fibers should be preferred to increase the effective ratio and, consequently, the electrode capacity (this is mainly due to an increased probability of getting in contact with the percolation network for bigger fibers).
These predictions seem to contrast with the usually observed electrode performance enhancement associated with characteristic dimension reduction of active materials [1, 2] . The reason is that the appropriateness of our conclusions is subordinate to the validity of the soft-core assumption and to the suitability of the criteria for discerning if the active fibers are effective or not (the active fiberconductive fiber network connection is discussed in Section 2.3). In particular, our predictions are appropriate for electrodes composed by nanofibers undergoing quasi-static charge/discharge processes. Under these conditions, solid-state diffusion in the active fibers does not limit the active material utilization, and the fiber diameter can be increased to some extent (the largest fiber radius considered is in the order of hundreds of nanometers). Lithium insertion/extraction into/from active fibers is thus guaranteed if they are accessible to electrons.
When active and conductive fibers have the same size, the inset curves in Fig. 2a suggest the power law relation
when f c > f cr . The average relative error between the data and the fitted values through Eq. (10) is around 1% for all the three aspect ratios (considering all data points). When active and conductive fibers have different lengths or diameters (Fig. 2b) , the power law relation fails to fit the effective ratio curve with an average relative error higher than 10%. The error mainly originates from the wide discrepancy between the fitted values and simulated results at conductive fiber volume fractions slightly above the percolation threshold.
Volumetric and gravimetric capacities
Next, we determine the optimal carbon fiber content over a wide range of electrode porosity. To this end, we evaluate the capacity of the electrode for an assigned electrolyte volume fraction f e and identify the optimal active-conductive material ratio. Then we repeat the evaluation for f e in the range ½0:1; 0:9. The constraint on the volume available for the electrolyte leads to a fixed total volume fraction of the two fiber species,
which takes a value between 0.1 and 0.9. The expression of the effective capacity in Eq. (7) takes into account only the mass of the active material, neglecting battery components such as polymer binders, electronic conductivity enhancers, and electrolyte. Nevertheless, inactive materials contribute to the overall electrode performance in terms of mass, volume, and overall electrochemical response [20, 23, 25] . For this reason, it seems appropriate to express the electrode effective capacity (6) per unit volume or mass of the entire electrode to define effective volumetric capacity
and effective gravimetric capacity
where r a V a þ r c V c þ r e V e is the total electrode mass (i.e., the sum of mass densities multiplied by the volumes of active material, conductive material, and electrolyte), and
is the volume fraction of the effective active material, obtained 12)) and gravimetric capacity q eff gra (Eq. (13)) versus conductive fiber volume fraction f c at total fiber volume fraction f t ¼ 0:188 (a) and 0.471 (b). The optimal conductive fiber volume fraction f p corresponds to the maximum capacity. The effective ratio r is from Fig. 2a considering the definition of its volume from Eq. (8) .
Definitions (12) and (13) show that, for a specific set of material properties and a given total fiber content f t , the volumetric and gravimetric capacities depend on the conductive fiber volume fraction f c and on the effective ratio r; since r is actually a function of f c (Fig. 2a) , the conductive fiber volume fraction f c is the only design variable, and these capacities depend on it in a nonlinear fashion. To illustrate the actual dependency, we consider two electrodes that differ in the choice of the active material (we consider active fibers to be made up exclusively by the active material): LiMn 2 O 4 and lithium iron phosphate (LiFePO 4 ). Despite their poor electronic conductivity [21, 23, 24, 51] , which can be addressed with the support of an electronically conductive enhancer, these materials are increasingly popular because of their electrochemical properties, low cost, and reduced toxicity. Moreover, LiMn 2 O 4 and LiFePO 4 nanofibers have been recently produced through electrospinning [15e17,55] . The properties of LiMn 2 O 4 and LiFePO 4 , together with those of vapor grown carbon fibers (VGCFs) and the solid polymer electrolyte (SPE), are listed in Table 1 . Figure 3 shows the volumetric and gravimetric capacities for the two active material configurations at two total fiber volume fractions. Since the value of q th r a is higher for LiMnO 4 than for LiFePO 4 (see Table 1 ), the volumetric capacity q eff vol for LiMnO 4 is always higher than that for LiFePO 4 . The scenario is however different for the gravimetric capacity q eff gra : at f t ¼ 0:188, q eff gra is basically the same for LiMnO 4 and LiFePO 4 , while q eff gra for LiMnO 4 is lower than that for LiFePO 4 at a higher fiber content f t ¼ 0:471. These observations indicate that electrode design optimization depends not only on the targeted capacity (q eff vol or q eff gra ), but also on the combination of geometrical features and material parameters of both active and inactive components.
The maximum capacity that the composite electrode can achieve (for an assigned f t ) is identified by the peak value of the capacity plot in Fig. 3 , and the conductive fiber volume fraction associated with the peak capacity is defined as the optimal conductive fiber volume fraction f p . This is a relevant quantity to consider in electrode design, in addition to the percolation Fig. 4 . Optimal conductive fiber volume fraction f p (a) and volumetric capacity q eff vol and gravimetric capacity q eff gra (b) versus total fiber volume fraction f t at three different aspect ratios l=d. The dashed horizontal line in (a) denotes the percolation threshold f cr . Material parameters for the active material (LiMnO 4 ), conductive material, and solid polymer electrolyte are listed in Table 1 . Fig. 5 . (a) Active (LiFePO 4 )-conductive (VGCF) material weight ratio versus total fiber volume fraction f t at three different aspect ratios l=d. The optimal active-conductive material weight ratio for a particle-based electrode making use of the same active material [25] is indicated by the dashed horizontal line. (b) Volumetric and gravimetric energy densities versus total fiber volume fraction f t at the three aspect ratios. The two horizontal lines are the energy density targets provided by the European Commission for batteries in automotive applications [58] . threshold f cr . Figure 3 shows that while f p differs for different total fiber contents f t , it is almost the same at a given f t for q eff vol and q eff gra (the position of the peak differs by 0.6% at most in terms of the capacity) and is independent of the active material considered.
We now study how f p changes with the total fiber content f t . Here we focus on cases in which lengths and diameters of active fibers are equal to those of the conductive fibers and consider three aspect ratios (l=d ¼ 12; 24; 48) . At each aspect ratio, the effective ratio r is approximated by Eq. (10) with the parameters obtained by fitting the corresponding curve in Fig. 2a . Finally, we determine f p by equating to zero the derivative of expression (12) with respect to f c . Using this method, we can plot f p as a function of the total fiber volume fraction as shown in Fig. 4a . As f t increases, the optimal conductive fiber volume fraction f p grows and the increase is more drastic at a lower aspect ratio: f p ranges between 0.07 and 0.14 for l=d ¼ 12, between 0.05 and 0.09 for l=d ¼ 24, and between 0.03 and 0.05 for l=d ¼ 48. The percolation thresholds f cr are also shown here in the same color as f p . The higher the aspect ratio, the lower f cr and the lower f p . Figure 4b shows the capacities q eff vol and q eff gra for LiMnO 4 (calculated from Eqs. (12) and (13) at f c ¼ f p ). We observe that while the volumetric capacity increases with f t in an approximately linear fashion, the gravimetric capacity rises sharply at low values of f t and then gently grows with f t . That is, when the total fiber content is above 0.5 (i.e., the porosity is below 0.5), further electrode compaction leads to a limited gravimetric capacity enhancement.
We can also see that at a higher aspect ratio, the capacities q eff vol and q eff gra are higher. Section 3.1.4 completes the discussion of these results.
As a final remark, we stress that the predictions obtained for densely packed fiber ensembles (high total fiber volume fractions f t ) are reported to illustrate the potential of the approach. We are however aware that the soft-core assumption could be questionable above a certain volume fraction threshold, which may lead to a discrepancy between predictions with fully-overlapping fibers and those with non-overlapping fibers. Nevertheless, this volume fraction threshold depends on the property under evaluation [27] , and thus the identification of such a threshold value requires a dedicated study.
Comparison with particle-based battery electrodes
Here we provide comparisons between our numerical predictions for fiber-based battery electrodes and experimental data related to particle-based battery electrodes.
Mandal et al. [24] and Lazarraga et al. [23] performed experimental studies on particle-based electrodes using LiMn 2 O 4 as active material, Super P carbon black (CB) as electronically conductive material, and polyvinylidene fluoride (PVDF) as binder. Electrodes were produced with various proportions of these components. In both studies, the critical carbon black content for percolation was identified from electrical conductivity measurements, and the discharge capacity was evaluated from galvanostatic tests performed at C/24, C/12, and C/5 rates.
Mandal et al. [24, Fig. 8 ] and Lazarraga et al. [23, Fig. 6] showed that the relationship between the first-cycle discharge capacity (normalized by the weight of the active material) and the carbon black volume fraction follows the same behavior as the effective ratio r in Fig. 2a . This similarity suggests the agreement between our prediction and experimental observation in terms of the dependence of electrode capacity on conductive material; we recall that r quantifies the active material utilization expressed as the ratio of the effective gravimetric capacity of the electrode to the theoretical gravimetric capacity of the active material (Eq. (8)). From a quantitative perspective, Refs. [23, 24] reported a percolation threshold f CB z0:03, and showed that the maximum utilization of the active material was achieved for f CB ! 0:15 with the lowest discharge rate (C/24). When considering fibers with aspect ratio 24, we determine a percolation threshold f cr ¼ 0:029, and full utilization of the active material is achieved for f c ! 0:13 (Fig. 2a) . The experimental effective ratio is obtained from Refs. [23, 24] by dividing the discharge capacities reported therein by the theoretical gravimetric capacity of LiMn 2 O 4 (i.e., 148 mA h g À1 ), according to Eq. (8). If we focus on the maximum active material utilization we observe that rz0:81 at most in Ref. [23] (irrespective of the discharge rate), while r attained values between 0.82 and 0.91 when the rate was reduced from C/5 to C/24 in Ref. [24] . The identification of the factors that prevent full electrode utilization (r < 1) in the two references falls beyond the scope of this study. However, we attribute the better agreement with Ref. [24] , rather than Ref. [23] , to the more homogeneous distribution of the components due to the production technique adopted in the former (a detailed discussion about the microstructures obtained in the two references is reported in the latter).
Lazarraga et al. [23] also plotted the first-cycle discharge capacity (normalized by the overall weight of the composite electrode) versus the carbon black content, and they found [23, Fig. 7 ] a trend analogous to that showed in Fig. 3 . The capacity was shown to sharply increase from zero to a finite value at the percolation threshold. A further increase was observed above the percolation threshold up to a maximum (attained at f CB z0:1), followed by a progressive capacity decrease. Our results (Fig. 3) show a more rapid reduction of the capacity after the peak value when compared with the results reported by Lazarraga et al. [23] . The reason is that the results in Fig. 3 are obtained by applying the constraint (11); however, neither the volume fraction f LiMn2O4 þ f CB nor the porosity 1 À f LiMn2O4 À f CB À f PVDF were kept constant (the former ranged from 0.37 to 0.64, while the latter ranged from 0.20 to 0.54) in Lazarraga et al. [23] , even if the amount of carbon black was progressively increased at the expense of LiMn 2 O 4 . In addition, our theoretical approach enables us to explore electrode compositions up to the limit case f c ¼ f t (f a ¼ 0), while the minimum active material volume fraction considered in the reference was f LiMn2O4 ¼ 0:14.
Guzm an et al. [25] experimentally investigated the role of active-conductive material weight ratio on the performance (e.g., capacity at different charge/discharge rates and mechanical integrity) of particle-based electrodes. LiFePO 4 and carbon Super P were used as active and conductive materials, respectively. The authors considered active-conductive material weight ratios in the range between 74/26 and 94/6, and they observed that the electrode performance was maximized with the 86/14 ratio. We assume the active material LiFePO 4 in fiber form and use VGCFs, in line with the proposed all-fiber computational model. To perform a qualitative comparison between our predictions and the results by Guzm an et al. [25] , we employ the active-conductive weight ratio defined as
where f p is the optimal conductive fiber volume fraction for a given
total fiber content f t as described in Section 3.1, and r a and r c are the densities of the active material LiFePO 4 and conductive VGCFs, respectively. Figure 5a shows the active-conductive material weight ratio, corresponding to the optimal conductive fiber volume fraction in Fig. 4a , as a function of the total fiber content at three fiber aspect ratios (length and diameter are the same for all fibers). The activeconductive weight ratio increases monotonically with f t and, for increasingly higher aspect ratios, the curves shift upwards and their slopes become steeper. Since the optimal conductive fiber volume fraction depends less and less on the total fiber content when the aspect ratio increases (Fig. 4a) , more active fibers can be introduced while the total fiber content increases at a higher aspect ratio. We observe that the active-conductive material weight ratio basically falls in the range of values explored by Guzm an et al. [25] (for particle-based electrodes) when the aspect ratio is equal to 12 and 24, providing a qualitative validation for our results. In addition, the total fiber content corresponding to the intersection between each curve and the optimal active-conductive weight ratio (86/14 according to Guzm an et al. [25] ) progressively shifts from 0.15 to 0.55 when the aspect ratio changes from 48 to 12. Roughly speaking, since reduced active-conductive weight ratios are found for reduced aspect ratios, our results suggest that the more the fiber geometry approaches that of a particle, the lower the optimal active-conductive weight ratio becomes. This is in agreement with common design practice of LiFePO 4 -carbon Super P particle-based electrodes, as they are usually assembled with active-conductive material weight ratio ranging between 80/20 and 86/14 [25] .
The good qualitative agreement with experimental results documented in this section suggests that our assumptions are reasonable and our prediction are meaningful, at least for circumstances in which the electrode capacity is controlled by electron transport within the composite (which is clearly the case of the LiMn 2 O 4 -based electrodes considered in Refs. [23, 24] ).
Practical application
We now show how the tools just described can be used to design fiber-based battery electrodes. To this end, we refer to the guidelines provided by the European Commission for batteries devoted to automotive applications [58] . The target is a battery cell with a volumetric energy density E v ¼ 750 W h L À1 and a gravimetric energy density E g ¼ 350 W hkg À1 . Estimates of the volumetric and gravimetric energy densities can be obtained by multiplying q eff vol and q eff gra (Fig. 4b) by the average electrode potential. With the purpose of providing an illustrative example, we focus on a cell consisting of a LiMn 2 O 4 fiber-based electrode and a lithium metal counter electrode. We consider an average potential of 4.1 V according to the data reported by Nitta et al. [51] . For simplicity, our evaluation is limited to the contribution of the fiberbased electrode (the contributions of the counter electrode and the separator on the overall cell volume, weight, and capacity should be considered in real applications). Figure 5b shows that in the worst case (l=d ¼ 12) the targeted volumetric and gravimetric energy densities are obtained with f t equal to 0.44 and 0.48, respectively, and thus the higher fiber content satisfies both criteria. The volume fraction that has to be dedicated to the conductive fibers (f p ) is determined from Fig. 4a and it equals 0.12, while the volume fraction occupied by the active fibers in the two configurations is determined from Eq. (11) (0.32 and 0.36, respectively). Figure 5b shows that when the aspect ratio increases, the fiber content that is necessary to meet the targets reduces. Specifically, f t shifts to 0.34 and 0.36 for the volumetric and gravimetric energy density, respectively, when l=d ¼ 48.
Effect of fiber orientation
This section studies the effect of fiber orientation on percolation threshold, effective conductivity, and effective ratio. We consider the two fiber distribution cases described in Section 2 and report results in the x and y directions. Results in the z direction are the same as those in the y direction because of the uniformly distributed azimuthal angle 4 over the interval ½0 ; 360 + (this is also confirmed by results not reported here). Figure 6 shows the percolation threshold (each point in the plot is the average of 1,000 samples) versus the limit angle q m for fiber distribution cases I and II. In both cases, the percolation threshold is lower along the fiber alignment direction (x direction in case I, y direction in case II) than along directions perpendicular to it, irrespective of q m . Figure 6a shows that the percolation thresholds in case I along the x and y directions decrease monotonically with q m and eventually converge to the same value, marked by the cross, for the isotropic distribution (q m ¼ 90 + ). For low q m values, the conductive fibers are basically aligned along the x direction and parallel to each other. Under these circumstances, a connected fiber network is unlikely to form along either the x or y direction. The maximum percolation threshold along the x direction is achieved at q m ¼ 0 + and is three times higher than the isotropic value (0.03); the maximum percolation threshold along the y direction is also achieved at q m ¼ 0 + but its actual value has not been determined due to the significant computational burden needed to analyze a single fiber configuration following the procedure in Section 2.1, thus making a statistical analysis unreasonably demanding. The trend of the percolation threshold in the y direction when q m approaches 0 + is however apparent from Fig. 6a , and the value obtained at q m ¼ 1 + is 15 times higher than the corresponding isotropic value. Although the percolation threshold along the x direction shows a minimum at q m ¼ 70 + , its value is only 4% lower than the isotropic value. It is therefore safe to conclude that the percolation threshold along the x direction plateaus for q m > 45 + , without significant loss of accuracy.
On percolation threshold
In case II (Fig. 6b) , the percolation thresholds along the x and y directions start from the isotropic value and increase with q m . When q m ¼ 90 + (scenario C), all fibers are perpendicular to the x direction and isotropically distributed on planes parallel to the yoz plane. This situation prevents the conductive fibers to form a connected network and thus leads to a percolation threshold increase:
the percolation threshold at q m ¼ 90 + in the x direction is about two and half times higher than the isotropic value, while a 30% increase is observed along the y direction.
As expected, the isotropic fiber distribution minimizes the percolation threshold (refer for example to Balberg et al. [59] ). However, the percolation threshold variation in case I is more pronounced than that in case II along the x and y directions. A threefold and twofold increase with respect to the isotropic value is observed along the x direction in the two cases, respectively. Furthermore, the percolation threshold increase along the x direction in case II is pronounced from q m > 40 + onwards (Fig. 6b ). This is relevant to fiber-based electrodes produced by electrospinning. As fibers are deposited on a substrate that can be identified with the yoz plane, our results suggest that it is beneficial to introduce some degree of randomness along the out-of-plane direction (x direction) to favor percolation in that direction. This would lead to an increased electronic conductivity (Fig. 7b ) and a higher effective ratio (Fig. 8b) through the electrode thickness.
In Fig. 6 , the percolation thresholds along the x and y directions coincide when q m approaches 90 + and 0 + in case I and case II, respectively. This confirms that fibers are distributed uniformly and isotropically in the simulation box in these two limit cases, and that they are both representative of the isotropic fiber distribution. should be kept in mind that the electronic conductivity monotonically increases with the conductive fiber content for isotropic distributions [34] . In Fig. 7a , the conductivities along the x and y directions approach zero at low q m values (highly aligned fibers). This is because the percolation thresholds at low q m values (Fig. 6a) are higher than the conductive fiber content. As q m increases, the conductivity along the x direction increases and shows the existence of a maximum. This indicates that a certain degree of alignment improves the conductivity along the alignment direction (this is for instance beneficial to applications that only require unidirectional conduction [34] ). A higher degree of alignment seems to be preferable at a higher conductive fiber content: the higher the fiber volume fraction, the lower the limit angle q m to attain the maximum conductivity (q m shifts from 55 + to 45 + as the fiber volume fraction increases from 0.08 to 0.15). Moreover, the conductivity enhancement that can be achieved by aligning fibers along a specific direction is more appreciable at a higher fiber volume fraction, as suggested by the higher normalized conductivity s=s iso (whose value increases from 1.55 to 1.70 when the fiber volume fraction increases from 0.08 to 0.15). The conductivity along the y direction increases monotonically with q m , and the variation patterns basically coincide for the three volume fractions. As q m increases to 90 + , the conductivities along both directions converge to the isotropic value. The trends shown in Fig. 7a have been reported in previous studies restricted to two-dimensional fiber arrangements [34, 60] , thus providing a verification of our numerical framework. Next we extend the investigation by examining the effect of fiber alignment on a plane. For the second fiber distribution case (Fig. 7b) , the conductivities along both directions equal the isotropic value at q m ¼ 0 + . The conductivity along the y direction mirrors the trend of the conductivity along the x direction for case I in Fig. 7a . However, the peak conductivity (s=s iso z1:3) is lower than the peak value in case I for each conductive fiber volume fraction. This suggests that the fiber alignment effect is more pronounced when fibers are aligned along a specific direction (the x direction in case I) than fibers aligned along a random direction on a plane (the y direction is representative of any other direction on the yoz plane in case II). We observe that the conductivity along the x direction decreases monotonically with q m regardless of the fiber volume fraction.
On effective conductivity
Since the electronic conduction in the electrode thickness direction (the x direction in case II) is crucial to battery rate performance [23, 24] , these observations suggest that the weaker the constraint on fiber orientation in electrospun fiber-based electrodes, the better the performance. Figure 8 shows the influence of fiber orientation on the effective ratio for three conductive fiber volume fractions (0.04, 0.08, and 0.15, denoted by a, b, and g, respectively, in Fig. 2a ). For nonisotropic fiber distributions, the effective ratio along the x direction is calculated by counting the active fibers connected with the percolated conductive fiber networks along the x direction, while the effective ratio along the y direction is defined as the fraction of the active fibers connected to percolated fiber networks along the y direction. Note that both fibers follow the same distribution in terms of fiber middle points and orientations.
On effective ratio
In case I (Fig. 8a) , the effective ratio increases monotonically from zero to the isotropic value at q m ¼ 90 + for both directions and at each conductive fiber volume fraction. Since the percolation threshold along the x direction is always lower than that along the y direction (Fig. 6a) , the percolated fiber network will first form along the x direction as q m increases (percolation threshold decreases).
The percolated cluster along the x direction is usually different from the one along the y direction and involves more fibers; it follows that the transition starts at a higher q m value for the y direction, irrespective of the conductive fiber volume fraction. Above a certain Fig. 7 . Conductivity curves normalized by the corresponding isotropic conductivities s iso versus the fiber orientation limit angle qm with respect to the x axis for case I (a) and case II (b) at three different conductive fiber volume fractions f c . The isotropic conductivity s iso is the value of s at q ¼ 90 + in panel (a) and q ¼ 0 + in panel (b). Note that s iso values for the three conductive fiber volume fractions are different. However, the isotropic conductivities s iso for each conductive fiber volume fraction, in both directions and for both cases, are the same. The bottom subplots show the electric potential distribution of the equivalent resistor network for scenario A (isotropic fiber distribution), scenario B (fibers aligned along the x direction), and scenario C (fibers perpendicular to the x direction) as described in Section 2. The potential of all nodes on the left-hand side surface is set to zero, while an electric potential equal to 1 V is applied to all nodes on the right-hand side surface. Fig. 8 . Effective ratio r in the x and y directions as a function of the fiber orientation limit angle qm with respect to the x axis at three different conductive fiber volume fractions f c for case I (a) and case II (b). The effective ratio values for each conductive fiber volume fraction for the three-dimensional isotropic distribution are the same in both directions and for both cases.
value of the limit angle q m , the percolated fiber clusters along the x and y directions merge into a single one, and the curves of the effective ratios overlap. As the conductive fiber volume fraction increases, the transition of the effective ratio occurs at a lower q m value both in the x and y directions and it becomes sharper; the overlap between the curves in the x and y directions occurs also earlier.
The arguments just exposed also apply to case II in Fig. 8b , with a few differences. First, the plots in Fig. 8b appear mirrored compared to those in Fig. 8a , with maximum r at q m ¼ 0 + (isotropic value).
Second, two of the three selected conductive fiber volume fractions are above the percolation threshold curves in Fig. 6b ; for this reason the trends of the corresponding effective ratios versus q m are also different. Figure 6b shows that the conductive fiber volume fractions 0.08 and 0.15 are higher than the percolation threshold irrespective of q m , while the volume fraction 0.04 exceeds the percolation threshold only for a limited interval of q m (above q m ¼ 55 + in the x direction, and above q m ¼ 85 + in the y direction). It follows that the effective ratios shown in Fig. 8b for f c ¼ 0:08 and f c ¼ 0:15 are basically constant and equal to the isotropic value along both directions (apart from a 10% reduction for f c ¼ 0:08 starting from q m ¼ 50 + ), while a transition from the isotropic value (q m ¼ 0 + ) towards a value that approaches zero (q m ¼ 90 + ) is clearly visible for f c ¼ 0:04, similar to those observed in Fig. 8a .
Since the fraction of effective active fibers is subordinate to the presence of a percolated conductive fiber network, the impact of fiber orientation on the percolation threshold reflects on the effective ratio. The isotropic fiber distribution minimizes the percolation threshold and maximizes the effective ratio. At a given conductive fiber content, the higher the deviation from an isotropic distribution, the higher the reduction of the effective ratio. However, Fig. 8 shows that the impact of fiber orientation reduces as the conductive fiber content increases. This means that the conductive fiber volume fraction that guarantees full utilization of the active material (r ¼ 1, Fig. 2a ) also makes the active material utilization insensible to fiber orientation constraints, thus providing a useful information for fiber-based electrode design (being the effective volumetric and gravimetric capacities related to the effective ratio through Eqs. (12) and (13)).
Conclusions
The results of this numerical study indicate that volumetric and gravimetric capacities ( Fig. 3 ) are maximized for a particular (optimal) active-conductive material ratio, and the corresponding optimal conductive fiber content is higher than the percolation threshold ( Fig. 4) . However, an excess of conductive material lowers the capacities, in agreement with experimental studies performed on particle-based electrodes [23, 25] . Since the electronic conductivity increases monotonically with the conductive fiber content [34] , we conclude that the trade-off between energy and power requirements, that is known to characterize particle-based electrode design, holds also for fiber-based electrodes.
Additionally, the results suggest that geometrical constrains (e.g., fiber orientation) impact on the effective properties. Isotropic fiber distributions lead to the lowest percolation threshold ( Fig. 6 ) and to the highest active material utilization (effective ratio, Fig. 8 ) for a given conductive fiber content. Nevertheless, this does not apply to the electronic conductivity as its maximum value along a direction is achieved for fibers with moderate angles of fiber misalignment with respect to that direction. We conclude that restrictions on fiber orientation must be considered for the design and optimization of electrodes according to capacity (active material utilization) and power (electronic conductivity) requirements. Fiber orientation therefore represents an additional, compared to particle-based electrodes, degree of freedom in electrode design that can be exploited to strike a balance between electrode capacity and power density. In addition, the isotropic fiber distribution is significantly advantageous to active material utilization only when the conductive fiber content is low, while a limited effect on the active material utilization is observed at higher conductive fiber contents (Fig. 8 ). This suggests that when constraints on fiber orientation apply, the active material utilization changes more drastically with the conductive fiber content. An interesting design question thus arises for applications where fiber orientation is constrained: can we still identify an optimal activeconductive fiber ratio that maximizes the capacity when the total fiber content is fixed, similar to Fig. 3 for isotropic fiber distribution? These observations are of interest not only for electrospun fiber-based electrodes [2] but also for structural batteries [18] , where preferential fiber orientations can be desirable to attain specific mechanical performance. The approaches and computational tools implemented in this study are rather flexible, and they can be used to handle the more general case of active material fibers with a non-negligible electronic conductivity. In such a case, the electrode conductivity is expected to increase for the same active and conductive fiber contents with respect to our current predictions (this can be ascertained by considering an intrinsic electronic conductivity for the resistors representing active fibers in the resistor network model), and the percolation threshold is expected to depend on the ratio between the electronic conductivities of the two families of fibers. This latter observation implies that percolation threshold and effective ratio become not uniquely defined for an assigned volume fraction of active and conductive fibers, with the consequence that a priori predictions are not possible.
Our computational model can be modified to consider electrodes composed either of conductive fibers and active particles [8e10] or conductive particles and active fibers [14e17]. Further extension are in principle possible. For example, real electrode geometries could be addressed by coupling the model to the procedure proposed by Rhazaoui et al. [48] to convert a realistic electrode microstructure to voxels and voxels to a resistor network.
(3) For a general fiber distribution in case II (shaded surface on the sphere reported in Fig. 6b ), the equation to solve for q is 1 À cosq ¼ 1 À cosq m þ cosq m rand;
(A. 3) where q m is between 0 and 90 + . When q m ¼ 0 + , Eq. (A.3) turns into (A.1).
Appendix B. Effective ratio determination
We claim that the effective ratio is independent of the active fiber content and only depends on the conductive fiber content. This is a consequence of the soft-core assumption: since fibers can overlap, the position of each fiber in the simulation box does not depend on the position of any other fiber. We verify this claim by means of the procedure reported below.
